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Abstract. We show that quantum mechanical supcrsymmetrics arc emerged in Kaluza- 
Klein spectrum of linearized gravity in several warped backgrounds as a consequence of 
higher-dimensional general coordinate invariance. These emergent supersymmetries play an 
pi |. essential role for the spectral structure of braneworld gravity. We show that for the case 

^ ' of braneworld models with two codimension-1 branes the spectral pattern is completely 

determined only through the supcrsymmetrics. 
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1 Introduction 



In this paper we extend our previous analysis [H [21 E] to a wider class of warped backgrounds 
including Randall-Sundrum model [U [5] and Karch-Randall model [6]. We will show that 
higher-dimensional general coordinate invariance is again translated into the quantum mechani- 
^ I cal supersymmetries in the spectrum. The hidden supersymmetry structures we wish to illumi- 

^ ' nate in this paper are: an = 2 supersymmetry between graviton- and vector-modes; another 

- - - N = 2 supersymmetry between vector- and scalar-modes (with constant shift of the origin of 

energy); and the second-order derivative supersymmetry between graviton- and scalar-modes 
(with constant shift of the origin of energy) . Schematic view of this supersymmetry structure is 
as follows: 



^(01) ^(12) 

(spin-0 mode) , ' (spin-1 mode) , ' (spin-2 mode) 



-(01) ^(12) 



^(02) 

where Q(j)]^), Q(i2)i ^(oi)' '^(12) first-order derivative supercharges and Q(o2)i Q(o2) 

the second-order derivative supercharges (see Section [3]). Revealing the above supersymmetry 
structure in several warped backgrounds without matter, we then demonstrate its impacts on 
spectral pattern of braneworld gravity. 
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The rest of this paper is organized as fohows. Section [2] is devoted to a quick review for the 
background warped geometries we use. In Section Owe show that quantum mechanical super- 
symmetries generically emerge in the Kaluza-Klein mass eigenvalue problems as a consequence 
of higher-dimensional general coordinate invariance. In Section H] we show that in braneworld 
gravity with two codimension-1 branes the spectral pattern of Kaluza-Klein modes is completely 
determined only through the supersymmetry structure. We conclude in Section O 



2 Preliminary: background geometry 



In this paper we study linearized pure Einstein gravity on (d + l)-dimensional warped back- 
grounds described by the following metric 

ds2 = Gmn{x, z)dx^^dx^ = e2^(") [gf,^{x)dx^dx'' + dz^] , (1) 

where A{z) is the warp factor which turns out to play a role of superpotential (or prepotential) in 
analog supersymmetric quantum mechanics. In this section we recall the background geometries 
given as the classical solutions to the Einstein equation without matter with respect to the 
metric ([T]). (Throughout of this paper the spacetime dimension (d+l) is left arbitrary although 
in the phenomenological viewpoint we are interested in the case d = 4.) 

To begin with, let us start with the action. The bulk Einstein-Hilbert action that describes 
braneworld we wish to study is 



Seu = M''-' j d'^x j dzy/^[R{G) - d{d - l)hd+i] , 



where M is the mass scale of {d + l)-dimensional gravity and A^+i is the {d + l)-dimensional 
bulk cosmological constant. The factor d[d — 1) is introduced for later convenience. R{G) is 
the Ricci scalar curvature constructed from the background metric Gmn- The integration range 
of z will be specified later. (Our conventions for the curvature tensor, Ricci tensor etc. are 
summarized in Appendix Rl) 

As shown in Appendix [Aj the bulk Einstein equations are reduced to the following nonlinear 
equations for the warp factor: 

[A'{z)f - A"{z) = A,, (2) 

where prime (') indicates the derivative with respect to z. A^ is the cosmological constant for 
the d-dimensional foliation of the bulk spacetime given by 

R{g)=d{d-l)Kd, 

where R{g) is the Ricci scalar constructed from the metric g^^ix)- We note that the differential 
equation ([2]) is nothing but the Riccati equation such that it can be linearized as (— 9^ + 
Ad)e~^^^^ = 0. Thus, according to the sign of the cosmological constants A^+i and A^, we 
obtain the following four types of the warp factors [6]: 



A{z) 



-log 
-log 
-log 
-log 



sm 



'd+l 
Z- Zq 
id+1 



id+1 

Jd_ 

id+1 



sinh 



zo 



cosh 



Zo 



for Ad < and A^+i < (AdSd/AdS^+i) 
for Arf = and A^+i < (M^/AdSd+i), 
for Arf > and A^+i < (dSd/AdS^+i), 
for Ad > and A^+i > (dS^/dSd+i), 



(4) 
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where zq is the integration constant, id 
its fohation, respectively, and given by 



1 



> 0, 



_i and id are the curvature scale of bulk spacetime and 



> 0. 



d+l\ 



Now we are in a position to specify the range of coordinate z. First, without any loss of 
generality we can set zq = because it just corresponds to the choice of the origin. Then, 
according to the configuration of codimension-1 brane(s), the range of z should be chosen as 
follows: 



Two zero-thickness branes: 



z e < 



(zi,Z2), < zi < Z2 < nid, 

(Zl, Z2), < < ^2 < 00, 

(Zl, Z2), < Zl < Z2 < 00, 

(Zl, Z2), -00 < Zl < Z2 < 00, 



for AdSd/AdSrf+1, 

for Md/AdSd+i (Randall-Sundrum I g]) 
for dSd/AdSrf+i, 
for dSd/dSd+i. 



(5) 



• A single zero-thickness brane: 

{zi,Trid), < Zl < Trid, 

(zi, 00), < Zl < 00, 

(zi, 00), < Zl < 00, 

(zi,oo), —00 < Zl < 00, 



for AdSd/AdSd+i (Karch-Randall [6]), 
for Md/ AdSd+i (Randall-Sundrum H [5]), 
for dSrf/AdSrf_|_i (Karch-Randall [B]), 
for dSrf/dSrf+i. 



• Without zero-thickness brane: 
/■ 

(0, irid) , for pure AdS^/ AdS^+i , 

(0, 00), for pure Mrf/AdS^+i, 

z G < 

(0,00), for pure dSrf/AdSrf+i, 

(—00,00), for pure dSd/dSd_|_i. 



Each brane configuration has its own advantage such as a candidate to the solution of hierar- 
chy problem [3] or alternative scenario to compactification as a consequence of localization of 
massless graviton mode at the brane position [316]. Irrespective of these brane configurations, 
there always exists supersymmetry structure in the spectrum of dimensional reduced theory. For 
the sake of simplicity, however, in what follows we will concentrate ourselves to the case of two 
branes configuration ([5|) in order to discretize the spectrum. The case of pure AdS^/AdS^+i is 
briefly discussed in Appendix iBl 



3 From general coordinate invariance 

to quantum mechanical supersymmetry 

Supersymmetry structure in braneworld gravity has been already pointed out by several authors 
and used to analyze the Kaluza-Klein spectrum [71[8l[9]. However, all of these analysis are just 
based on one of two N = 2 supersymmetries between graviton- and vector-modes. Whole 
supersymmetry structure has not yet been uncovered. In this section we show that quantum 
mechanical supersymmetries generically emerge as a consequence of {d+ l)-dimensional general 
coordinate invariance. 
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To begin with, let us consider metric fluctuations huN around the background metric ([T]) as 
follows 

ds^ = e2^(-) [gMN{x) + hMN{x,z)] dx^^dx^. 
The most useful parameterization of Hmn is turned out to be of the form 
hMN = i^''" ~d=29,^'^<l' V 

Under the infinitesimal coordinate transformation i— t- = x^ + ^^(x,z), the metric 

fluctuations transform, at the linearized level, as hMNix,z) i— )• hMNix,z) = hMNix,z) + 
6hMN{x, z), where 

Sh^u = -V^e. - V,^^ - -^9^.u{^, + {d- l)A')C,, (6) 

= -^z^M - ^^i^z, (7) 

S(^ = -2{d, + A')^,. (8) 

Here is the covariant derivative with respect to the background metric gf^^(x). As we will 
show below, the linearized general coordinate transformations ©-(IS]) are translated into the 
supersymmetry transformations on the mode functions. 

To see this, let us first suppose that the metric fluctuations are expanded into some complete 
orthogonal basis {/o"^(^;)}, {f]"\z)} and {f2"^\z)}, which are determined later, and written as 
follows 

h,Ax,z) = ^h^;J{x)fi''\z), (9) 

n 

V(x,z)=5^/.W(x)/J")(.), (10) 

n 

ct>{x,z)=Y,<j,^^\x)fl^\z). (11) 



n 



If one wants to study braneworld models with non-compact extra dimension, contributions from 
the continuum spectrum must be added. The supersymmetry structure we wish to show below 
is, however, independent of whether the spectrum is discrete or continuum. 

Now let us move on to the analysis of supersymmetry structure between vector- and graviton- 
modes. Since the covariant derivative is blind for the coordinate z, the first two terms of 
the gauge transformation ([6]) implies that the gauge parameter ^^{x,z) should be expanded by 
the same basis to /i^^ such that it should be written as ^^(x,2:) = Y^n^t^\^)f'r\^)- Then, 
in order to be consistent with the first term of the gauge transformation ([7]), 9^/2"^ must be 

(n) 

proportional to /{ . Thus we are led to the following relation: 

Al i^'Xz) = mnf'f'\z) with Al:=d,, (12) 

where m„ is just a proportional coefficient here. 

Next, according to the second term of the gauge transformation ([7]), we see that the gauge 
parameter ^^(a;, z) should be expanded by the same basis to /i^^ such that it must be written as 
^z{x,z) = X]„ Ci"^(2;)/i"^(^)- Then, according to the last term of the gauge transformation ([6]), 
we conclude that —{dz + {d — l)A')f^^ must be proportional to f^'^: 

At fi''\z) = mnft\z) with At ■.= -{dz + {d-l)A'), (13) 
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where we have used the fact that without any loss of generahty we can use the same coefficient 
as (|12|) . These two equations lead to the following eigenvalue equations 

i?i/f)(z) = m2/f)(z) with Hi:=A^At = -d4d, + {d-l)A'), (14) 
H^i^'Xz) = mli''\z) with H2:=AtAi =-{d, + {d-l)A')d,. (15) 

As we will show in the next section, A^ and A^ are hermitian conjugate to each other. Now it 
is obvious that there exists an = 2 quantum mechanical supersymmetry structure. Indeed, 
by introducing the following operators 

which act on the two-component vector {fi{z), f2{z))'^ (where T stands for transposition), we 
have the N = 2 supersymmetry algebra 

{%2r%2)} = %2), {Q(i2)'«3a2)} = {%2r%2)} = O' 

[IHI(12),Q^2)] = P{12),Q^12)]=0. 

Let us proceed to find another N = 2 supersymmetry structure between vector- and scalar- 
modes. The gauge transformation ([8]) implies that {dz + A')f[^^ must be proportional to /q""*. 
Thus we must have the following relation 

Aq f[''\z) = mnft\z) with Ao-dz + A', (16) 

where at this stage m„ is introduced as a coefficient that is independent of m„. A crucial step 
is to note the following identity of differential operators 

Hi = -dz{dz + {d- 1)A') = -{dz + {d- 2)A'){dz + A') + {d- 2)Aa, (17) 

where in the last equality we have used the background Einstein equation ([2]). Combining the 
equation ()17p and the eigenvalue equation (jl4p . we get the following relation 

m„^+/(S")(2) = [m2-(d-2)Arf]/f)(z) with A^ := -{8, + {d - 2)A') . (18) 
Now without any loss of generality we can set the coefficient m„ as 



m„ = y/ml- {d- 2)Ad. 
Multiplying the differential operator (dz + A') to (|18p we get the following eigenvalue equation 

H^flP\z) = mlflp\z) with H^:=A'^A+ + {d-2)U (19) 

Now it is obvious that there exists another N = 2 quantum mechanical supersymmetry structure. 
Indeed, by introducing the following operators 

Oyl' ^(01)- 1^0 0^ 

which act on the two-component vector {fo{z), fi{z))'^ , we have the following algebra 

{Qji),Q^oi)} = -id- 2)AA {Qji),Qj,)} = {Q^oi)'«2(oi)} = 0' 





Ho 


(01) - 








'(01) = 
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P(oi)'«3Si)] = P(oi)'^(oi)]=°- 

This is the N = 2 supersymmetry algebra but the origin of energy is shifted by the constant 
{d-2)Aa. 

Let us finally study supersymmetry structure between scalar- and graviton- modes. As was 
discussed in [H [2] for the case of the Randall-Sundrum background, the symmetry that guar- 
antees two-fold degeneracy between scalar- and graviton-modes is the second-order derivative 
supersymmetry, which is a nonlinear extension of ordinary N = 2 supersymmetry discussed by 
[ini mi [l2l [13] . Indeed, by introducing the operators 

which act on the two-component vector {fo{z), f2{z))'^ , we have the second-order derivative 
supersymmetry algebra [lOl [TTl [121 E] 

{%2V%2)} = %2)(H(02) - {d-2)Adl), (20) 

{%2V%2)} = {%2r%2)} = 0, P(02),Qj2)] = P(02),Q^02)] = 

where ()20p follows from the intertwining relation 

A^At - A+Aq ={d- 2)Ad. (21) 

Note that this intertwining relation is valid only for the warp factor that satisfies the background 
Einstein equation ([2]). 

To summarize, we have shown that linearized general coordinate transformations reduce to 
the supersymmetry relations ([T2]l . ([T3]l . (fT6]l . (fT8]l for the mode functions /q"'\ /}"^ and /g"''*. 
In order for the consistency with the general coordinate invariance these mode functions must 
be the eigenfunctions of the Hamiltonians Hq, Hi and H2 and have the same eigenvalues (up to 
the zero-modes; see next section). An important point to note is that the eigenvalue equations 
dm)) (fT5|) . (fini) can be derived without referring equations of motion: it just follows from the 
general coordinate invariance. Another important point to note is that the warp factor A{z) 
must be tuned to satisfy the background Einstein equation ([2]), otherwise the refactorization (jl7p 
and intertwining relation (I2ip becomes incomplete such that the three-fold degeneracy in the 
spectrum will be disappeared. Although in this paper we will not solve the Schrodinger equa- 
tions, for the sake of completeness we summarized the corresponding Schrodinger Hamiltonians 
in Appendix [Ci 



4 Spectral pattern of two branes models 

Supersymmetry structure severely restricts the spectral structure of the model. Indeed, as we 
will show below, spectral pattern of two branes model is completely determined by the super- 
symmetry. To see this, we first have to specify the boundary conditions at the positions of 
branes. Boundary conditions should be chosen to respect i) hermiticity of each Hamiltonian Hg 
(s = 0,1,2) and ii) supersymmetry relation^. The former requirement guarantees the com- 
pleteness as well as the orthogonality of the set of eigenfunctions {fi^\z)} {s = 0,1,2) such 

^It should be noted that in the present case the notion of hermiticity is associated to the inner product 

r dze^''-'^^^'^Uz)gs{z), (22) 

«/ Zl 
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that it justifies the mode expansions ([9|)- (|lip . It also ensures the reaUty of the spectrum. The 
latter requirement, on the other hand, guarantees the {d + l)-dimensionaI general coordinate 
invariance of the theory. As discussed in [21 [3l [H] , boundary conditions that satisfy these two 
requirements are uniquely determined and given by 

{A^fo){zi)=0, (23) 
fliz^) = 0, (24) 
{A^ f2){z,) = 0, Zi = zi,Z2. (25) 

Other choices of boundary conditions (say, fo{zi) = 0, fi{z.j) = and f2{zi) = 0) are not 
consistent with the super symmetries and hence leads to the breakdown of three-fold degeneracy 
of the spectrum, or, equivalently, breakdown of (d-l-l)-dimensional general coordinate invariance. 

An important point to note is that with these boundary conditions the spectrum of Hg 
(s = 0, 1,2) are bounded from below. To see this, let fg be a normalized eigenfunction of Hg 
satisfying the eigenvalue equation Hsfs = Egfs- Then we have 

< pr/2f = (^r/2,-4r/2) = (/2,^^^r/2) = (/2,^2/2) = e^, (26) 

< Uthf = {Ath.Ath) = {h,A^Atfi) = (/i,i?i/i) = Eu (27) 
< = iAfi^Ah) = {fi,A+A^fi) = ih,[Hi - (d- 2)Arf]/i) 

= Ei-{d- 2) Ad, (28) 
< \\A+fof = {A+fo,A+fo) = {fo,AoA+fo) = (/o, [Ho - {d - 2)Arf]/o) 

= Eo-{d- 2)Arf, (29) 

where the second equalities of each line follow from the partial integration and boundary con- 
ditions (|23p -(j25 p . and the third equalities the definitions of the Hamiltonians. Thus we obtain 
the following bound of the spectrum: 

fo for Arf < 0, , , . o 

[{d-2)Ad forArf>0, 

As is evident from the expressions (j26p -()29 p . the lower bounds are saturated by the zero- modes 
of differential operators Ai , Af , Aq and Aq , and given as the solutions to the first-order 
differential equations A^ f^'^\z) = for E2 = 0, Af fi°\z) = for Ei = 0, A^ fi^\z) = for 
El = {d — 2) Ad and A^ flf\z) = for Eq = {d — 2) Ad- These differential equations are easily 
solved with the results 

for E2 = 0, 

' iorEi = {d-2)Ad (A,>0), 

fS'\z) « e-('^-2)A(.) Eo = {d- 2) Ad. (31) 

Notice that in both cases A^ < and A^ > the mode function ()30p does not satisfy the 
boundary condition (I24p in the two branes models. Thus the vector zero-mode must be thrown 
away, as it should in a respect that translational symmetry along ^;-direction is broken due to the 
presence of boundaries. Since the spectrum must be discretized (because z-direction is compact) 




where fs, Qa are square integrable functions on the interval (21,22)- Notice that the weight factor e''' ^^-^t^) 
comes from 6^'*+^^^^"'^ C times e"^'*^^' C G^'^ Rmn{G) in the Einstein-Hilbert action. The hermiticity 

requirement is then {fs,Hsgs) = {Hsfs,gs) for any fs, Qs- 
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(a) Case < (AdSd). 



(b) Case Arf - (M^). 
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(c) Case Ad > (dSd). 



Figure 1. Spectral pattern of two brancs models. Black dots and white circles represent physical and 
unphysical degrees of freedom, respectively. Up to the ground states /2°'' and fjf'' the spectrum exhibits 
three-fold degeneracy. It should be emphasized that ~ {d — 2)Ad does not directly give the radion 
mass; see equation ([5^ . 



and further triply degenerate up to these zero-modes , /g }, the mode expansions should 
become 

oo 

h,,{x,z) = (z) + 

n=l 

oo 
n=l 

oo 

,^(x,z) = 0(o)(x)/(°)(z) + J]</.W(x)/(")(z), 

n=l 

for metric fluctuations, and, for gauge parameters, 

oo 

z) = (z) +Y^ii-){x)i^\z), 

n=l 

oo 

6(x,z) = o + 5]ei")(x)/f)(z), 

n=l 

where the non-zero Kaluza-Klein modes {/2"\ /q"^ \ n > 1} form the supersymmetry 

(n) 

multiplets as discussed in the previous section, and share the same mass eigenvalue, Hgfs = 
m^/i"\ The resultant spectral pattern is depicted in Fig. [TJ 

Unitary gauge. Now we are in a position to see the particle content of the theory and check 
its mass spectrum. To this end let us go to the coordinate frame of unitary gauge. In terms of 
the Kaluza-Klein modes the gauge transformations ©-([H]) read 

for the non-zero Kaluza-Klein modes (n > 1), and 

h^'l {x) = (x) - (x) - V,ei°) (x) , W (x) = W (x) , 

for the zero-modes (n = 0). By moving to the coordinate frame by choosing 

&Hx) = -^<p'^^\x), n>l, 
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= —h^;J{x) - -2^V^<^(")(x), n > 1, 

the non-zero vector- and scalar- modes are all gauged away, (f)^^\x) = and lij^) {x) = 0, n > 1. 
In this coordinate frame we are left with the infinite tower of massive graviton modes 



m„ m. 



+ ^^V^V,</.W(x) + J_!!^5^,(x)</.W(x), n > 1, 
mnjnn a — 2 rUn 

and the massless graviton mode fil^}, and the radion mode These are physical degrees of 

freedom and turn out to satisfy the following equations of motions 

[Af + ml - 2{d - 1)A,] U^){^) = 0, V^/iW = g'^h^^J = 0, 
[Af +m2,-2(ci-l)A,]<^W(x) = 0, 

where A^'^^ is the Lichnerowicz operator given by 

A^^^ V = -°dV + [Va, V^]/i\ + [Va, V^]/i^^ 

□rf is the (i-dimensional d'Alambertian with respect to the metric g^u{x). R^puaid) find R^uid) 
are given in (j35p . (j36p in Appendix |Al Now we are ready to read off the mass of the gravitons 
and radion from the equations of motion. The graviton mass is simply given by 

'^graviton ^ 0, 1, 2, ... . 

On the other hand, the radion mass should read 

"^Ldion = - "^{d - l)Ad = -dAd, (32) 

which coincides with the previous results when A^; < j l5] . Notice that for the case of de 
Sitter brane A^ > 0, the radion acquires negative mass squared. Referring to the zero-mode 
solution (|3ip with the solution @ and the inner product (|22p . however, we immediately see that 
this de Sitter radion mode becomes non-normalizable in the limit Z2 ^ oo and hence disappears 
from the spectrum of single brane models as discussed by Karch and Randall [6]. 



5 Conclusions 

In this paper we have studied {d+ l)-dimensional braneworld gravity with a single extra dimen- 
sion with non-vanishing bulk as well as brane cosmological constants. Without matter, classical 
Einstein equation admits four distinct types of warp factors, including Randall-Sundrum and 
Karch-Randall models. Irrespective of these four types of warped backgrounds, we have shown 
that there always exists a supersymmetry structure in the Kaluza-Klein spectrum as a conse- 
quence of {d + l)-dimensional general coordinate invariance. As discussed in Section [3l we have 
shown that scalar- and vector-modes form N = 2 supersymmetry multiplet, vector- and graviton- 
modes form another N = 2 supersymmetry multiplet, and scalar- and graviton-modes form the 
second-order derivative supersymmetry multiplet. The resultant spectrum exhibits three- fold 
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degeneracy up to the ground states. This supersymmetry structure is powerful enough to de- 
termine the spectral pattern of Kaluza-Klein modes. Indeed, for the case of models with two 
codimension-1 branes, we have shown that the spectral pattern is controlled by supersymme- 
try and can be determined without referring neither equations of motion nor two-point Green 
functions (up to the constant shift 2{d — l)Ad for the radion mode). What we need are only 
supersymmetries and boundary conditions. 



A Background Einstein equation 

Let us solve the {d + l)-dimensional bulk Einstein equatioiH 

Rmn{G) - ^Gmn [R{G) - d{d - l)Ad+i] = 0, 
with the metric ansatz 

Gmn{x, z) = e2^(^)<7Miv(^), gMN{x) = {^^"^''^ \ 

Regarding that Gmn is given by the conformal transformation gMN{x) — )■ q'^^^^^ gMN{x), we can 
easily evaluate the Ricci tensor Rmn{G) by using its transformation law under the conformal 
transformation. The result is 

R^u{G) = R^u{g)-g^u[A" + {d-l){A'f], R^,{G) = Q, R,,{G) = -dA" , 

where R^i,{g) is the Ricci tensor with respect to the metric g^u{x)- With these expressions the 
Ricci scalar is given by 

R{G) = G^'^Rf.^iG) + G''R,,{G) = e'^^ [R{g) - 2dA" - d{d - l){A'f] . 

Thus the //z^-component of bulk Einstein equation is 



= Rfiuig) - ^gf,uR{g) 



(d - 1)A" + i(d - l)(d - 2)(A')' + ^did - l)A,+ie2^ 



(33) 



while the zz-component is 



= -ii?(<7) + ^d{d - l){Ar + ^d{d - l)Arf+ie2^. (34) 

Note that the /iz-component is trivial and does not lead to any constraint. Subtracting ([33]) by 
g^Lu X (IMD we get 

R^,{g) = {d-l)g^AiA'?-A"]. 
^OuT conventions are as follows: 

metric signature: (— , +,+,..., +), 

Christoffel symbol: rfjis,{G) = ]^G^^ {OmGen + OnGbm - OeGmn), 

Curvature tensor: i?^z,A/iv(G) = dMT^NiG) - dNV^MiG) + vtN{G)v'iM{G) - vtM{G)v'§, a(G) , 
Ricci tensor: Rmn{G) = man{G). 
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By contracting this expression with respect to g^u and substituting the result into the equa- 
tion we get 



R{g) = d{d - l)[{j^f - A"l Q = A" + Ad+ie^^. 

Since the warp factor A{z) is a function of z while the scalar curvature R{g) a function of x'^, 
there is no nontrivial solution to the Einstein equation except for the constant curvature case 
R{g) = const. Thus, by setting R{g) = d{d — l)Arf, we obtain the announced equations ([2]), ([3]). 
We note that with these background metric the following identities hold 

Rppuaig) = J^diOiiugpa - gpaOup), (35) 

Rp„{g) = R%pa{g) = {d- l)Arf5^,. (36) 

B Shape invariance method and graviton mass spectrum 
for pure AdSd/AdSd+i 

Similar analysis presented in Section [3] leads to the following hierarchy of Hamiltonians 

spin-0 mode : Hq = AqAq + Eq 

spin-1 mode : Hi = AqAq + £q = A^A^ + £i 

spin-2 mode : H2 = = AfAi + £1 = A2A2 + £2 

spin-3 mode : H3 = = A2A2 + £2 = • • • 



For general s, the first-order differential operators .4^ and Ag are given by 

At = -d,-is + d- 2)A'{z), A; = +d, - {s - l)A'{z), 
which satisfies the intertwining relation 

where 

d-4 



s := s + 



2 

The constant shift £s is given by 
£s = -{s - l){s + d - 2)Ad 



(d-iy ( 1^2' 

2 



A, 



Notice that when there is no codimension-1 branes, standard shape invariance method is appli- 
cable (for shape invariance method, see for example [M]). Thus, for pure AdSj^/AdS^+i, the 
graviton mass spectrum can be obtained without solving the equation of motion and given by 

"T-graviton = "^n — (n - 1) (n + d - 2) | Arf| , n = 2, 3, 4, . . . , 

which coincides with the group theoretical results when d = 4 [6] . The resultant spectral pattern 
becomes as shown in Fig. [2l 
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mf = 



JO 

O f 


.(3) 

Jl 

- O J 


Jl 
- • 


.(2) 

Jo 

O <- 


.(2) 
Jl 

- O 


r(2) 
J'l 
- • 


Jo 

O +- 


.(1) 
Jl 
- • 




AO) 
Jo 
• 







Figure 2. Spectral pattern of pure AdSd/AdSd+i. Particle contents are: one massive scalar (/q^''), one 
massive vector {f[^^); and an infinite tower of massive gravitons ({/2"'' | n = 2, 3, 4, . . . }). The spectrum 
of Hamiltonian Hq is given by — {n — l){n + d ~ 2)\Ad\, n ~ 0,1,2, ... . 



C Analog supersymmetric quantum mechanics 

Under the following similarity transformation 

hMN ^ hMN = e^'^^^^hMN, 

which eliminates the weight factor e^"^"^^"^^^-* in the inner product (I22p . the Hamiltonian is 

— d—1 A(y\ d — 1 4 / _\ 

transformed as Hg i— )• Hg = e~2~ 'Hge ~2~ or, explicitly, 

where Af and Aj are the similarity transformed first-order differential operators given by 
At = e^^(^)^+e-^^(^) = +d, + + A'i^), 
A; = e^^(^)^7e-^^(^) = -d, + A'{z). 

With this similarity transformation the first-order derivative terms disappear from the Hamil- 
tonians. Indeed, by substituting the background solution (jl]), the similarity transformed Hamil- 
tonian reads 

Hs = -dl + Vs{z), 

where the potential is given by 

= {f - mA"{z) + ^^^A,, 



or, more explicitly, 

' 1 s2_ 1/4 (d-l)2 1 



Vs{z) 



- 1/4 



4 ^1 



1 s^-l/A ^ {d-iy 1 



1 s^-l/A ^ jd-l)^ 1 



[ £lcosh\z/ia) 



for AdSd/AdSd+i, 

for Mrf/AdSd+i, 
for dSd/AdSd+i, 

for dSrf/dSd+i. 



(37) 
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Thus the spectral problem of our braneworld gravity just reduces to the problem of supersymmet- 
ric quantum mechanics with the trigonometric Poschl-Teller potential, inverse square potential, 
and hyperbolic Poschl-Teller potential of sinh and cosh types. Notice that the constant term 
in (j37p is nothing but the Breitenlohner-Freedman (BF) bound in AdS^ |17] : 



rnBF = 7 
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